The linear Muskingum method continues to be a simple and popular procedure for river flood routing. An alternative algorithm for the numerical estimation of the Muskingum routing parameters is presented. Fully implicit and semi-implicit finite-difference schemes are compared for accuracy with respect to the traditional graphical procedure. A stability analysis and an objective criterion for the application of each scheme in the light of different measurement intervals for the inflow and outflow hydrographs is discussed. An application example and recommendations are included.
INTRODUCTION Linear Muskingum Method
Different methods developed for streamflow routing differ in the mechanics of accounting for the relationship between storage and outflow. Excellent discussions on many of these methods are available in Gilcrest (1950) , Yevjevich (1964) , Lawler (1964) , Dooge (unpublished lecture notes, 1980) , and Fread (1982) . Since its development in 1934 (Gilcrest 1950; Linsley et al. 1958; Chow 1959) by McCarthy (unpublished data, 1938) , the Muskingum method has been one of the simplest and most popular methods for routing flood waves in rivers and channels. For this reason, many investigators have studied the method and the implications of its use (Gilcrest 1950; Nash and Farell 1955; Linsley et al. 1958; Chow 1959; Nash 1959; Carter and Godfrey 1960; Kulandiaswamy 1966; Overton 1966; Cunge 1969; O'Connor 1976; Gill 1977; Singh 1983; Heggen 1984; Hjelmfelt 1985) . It is a two-parameter lumped linear model, although nonlinear versions have been proposed and used (Chow 1959; Gill 1978; Singh 1983) .
Of interest in this paper is: (1) the accuracy of different numerical discretization procedures; and (2) the possibility of handling uncertainty due to unavoidable measurement and numerical errors in x (the weighting factor, dimensionless) and k (the storage constant, time). For this purpose, correlation between inflow and outflow rates is necessary [I(t) and O(t) in m 3 /s, respectively], and is accomplished via the continuity equation:
The river reach storage S(t) (in m 3 ) is approximated by the Muskingum equation:
where Muskingum parameters k and x must be estimated.
Inverse Problem
Optimum k and x values are usually obtained via a graphical method (Chow 1964; Wilson 1990 ), or in general through a trial-and-error process (Serrano 1997 culations, while containing an element of subjectivity, regression analysis appears as a desirable alternative, as explained in the subsection entitled ''Use of Semi-Implicit Scheme,'' and in Appendix I.
Direct Problem
To predict the propagation of a flood wave, the Muskingum parameters must be known. Thus, river storage S(t) in (1) is replaced by the right side of (2) to obtain
Eq. (3) may be solved for O(t) by using a semi-implicit finitedifference scheme. Scheme selection affects not only the stability and the accuracy of the river routing procedure, but also the value of the weighting factor x. In this paper we explore the use of a fully implicit scheme for both parameters k and x. The procedure is compared with the semi-implicit scheme from the point of view of applicability, accuracy, and stability.
ALTERNATIVE SCHEMES FOR PARAMETERS IDENTIFICATION

Use of Semi-Implicit Scheme
Applying a semi-implicit finite-difference scheme to (3), and rearranging terms, yields
= value of O(t) at t = i⌬t in ; and ⌬t in = time step applied O iϩ1 for the differentiation (subindex ''s'' is set to denote the semiimplicit scheme).
Consequently, and
Ϫ I i )] are linearly correlated. This means that whenever an inflow variation takes place, the provoked outflow variation is then in a constant linear relation with the prevailing storing rate, when divided by the inflow variation that stimulated the changes to the river reach. Hence, coefficients
can be determined by applying a linear regression analysis (see Appendix I). Given that ⌬t in is arbitrarily assumed, the quantities of k and x s can be obtained by solving a system of two linear equations.
Use of Fully Implicit Scheme
The fully implicit scheme is more desirable because it leads to higher stability. In this case, (4) takes the form
' is set to denote the fully implicit scheme). Regression analysis constants A and B are still the same as those estimated for the semi-implicit scheme [see (23)- (25) 
Subtracting (27) from (6), and multiplying by equation (26), a relation between x s , x f , k, and ⌬t in results
f s i n
In conclusion, the same k is obtained regardless of the scheme used, while different weighing factors x result, each satisfying (7).
USE OF ALTERNATIVE SCHEMES FOR FLOOD ROUTING Use of Semi-Implicit Scheme
Applying a semi-implicit scheme to (3) and solving for values of O(t) at discrete time intervals may be estimated
⌬t di = time step applied for the direct problem and may differ from that applied for the inverse problem ⌬t in .
Use of Fully Implicit Scheme
If a fully implicit scheme is applied to (3), then (8) takes the form
ACCURACY OF SUGGESTED SCHEMES
The possibility for both schemes to give identical values of O i is investigated first. The following equation results from (8) and (9):
where and O i = common outflow rates estimated via ei-O iϩ1 ther the semi-implicit or the fully implicit scheme. Because (10) is assumed to be valid for every i (identity), then the common coefficient on both sides should equal zero. The last requisite is equivalent to (7) (which has been shown to be valid), only if ⌬t di equals ⌬t in .
In conclusion, both schemes lead to identical results whenever the time step applied for the direct problem is identical to that used for the inverse problem. Otherwise, the semi-implicit scheme becomes more accurate. This occurs because the semi-implicit scheme succeeds a second-order time accuracy instead of a first-order accuracy attained by the fully implicit scheme. This may be observed from their relevant truncation errors 2 2 3 3
STABILITY ANALYSIS OF SUGGESTED SCHEMES
Regardless of the numerical scheme applied, an equation of the following form results when solving for [see (8) and O iϩ1 (9)]:
Assuming that the initial value of O(t) is perturbed from O 1 to and applying (13) recursively, the solution at the ith * O , 1 time step yields
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Defining a perturbation e = O* Ϫ O, it follows that
To secure stability, the amplification factor C 2 should have an absolute value less than or equal to one
Given that k is positive and x s , x f are less than one, then both the semi-implicit and the fully implicit schemes are unconditionally stable. Moreover, the amplification factor of the fully implicit scheme remains positive and constantly decreasing as ⌬t di increases. On the other hand, the amplification factor of the semi-implicit scheme equals zero at ⌬t di = 2k(1 Ϫ x s ), whereas for greater time steps it becomes negative with absolute values perpetually increasing and approaching unit as ⌬t di becomes sufficiently large. For comparison, the explicit scheme is conditionally stable, as its coefficient (where the subindex ''e'' denotes the C 2,e explicit scheme) is
Thus, the left side of inequality (16) leads to the following stability criterion:
It is worth mentioning here that this is a stability criterion for the explicit scheme when used for river routing (the direct problem) and it is unrelated to the restriction of ⌬t in to be not less than 2kx or greater than k, to avoid errors when estimating k and x (the inverse problem). A comparison of stability features of the semi-implicit and fully implicit schemes is done by examining their amplification factors
The amplification factors for each scheme are equal only if the same time step is applied to both the direct and the inverse problem. This is seen by introducing (7) into one of the above two relations. If a different time step ⌬t di is applied to the direct problem, then the fully implicit is more stable than the semi-implicit scheme when ⌬t di is much greater than ⌬t in , and when ⌬t di is less than ⌬t in . Defining m and w as
the criterion for selecting the fully implicit scheme, in view of stability, takes the form 3  4  5  6  7  8  9   93  137  208  320  442  546  630  678  691   93  97  140  212  321  440  544  627  675  10  11  12  13  14  15  16  17  18   692  684  671  657  638  609  577  534  484   690  691  683  671  657  637  609  576  533  19  20  21  22  23  24  25  26   426  366  298  235  183  137  103  95   483  426  365  298  236  184  138  105 The above criterion is applicable only when w Ն 0.5. Nevertheless, as x s is always positive and less than 0.5 (x s = 0.5 when the flow is uniformly progressive), and ⌬t in is less than k, then w is greater than 0.5, and criterion (22) is generally applicable.
In conclusion, if criterion (22) is valid, then the fully implicit scheme is preferable for river routing. In this framework, even if the hydrologist has estimated k and x s by a semi-implicit scheme (e.g., by the graphical method), he may use them for river routing with a fully implicit scheme [using (9)] by applying a modified weighting factor x f instead of x s , according to (7).
Example: The streamflow data of Table 1 are assumed. From these data, the Muskingum parameters are calculated to be k = 1.5 days and x s = 0.40, by applying regression analysis to a semi-implicit scheme, with ⌬t in = 1 day. Next, for the reproduction of the given outflow rates, a fivefold time step is applied, that is ⌬t di = 5⌬t in , and so m equals 5.0, while w is 0.9. Hence, the criterion equation [(22) ] is valid, and the fully implicit scheme is expected to lead to more stable predictions than the semi-implicit scheme. To compare the behavior of the two schemes, from the point of view of stability, an error is introduced by considering as initial values rates estimated by the semi-implicit and the fully implicit scheme, respectively), where for the fully implicit scheme x f is set equal to 0.40 ϩ 1/(2 ϫ 1.5) = 0.73, according to (7). The results are shown in Fig. 1 . It can be seen that the fully implicit scheme approaches faster to the true values than the semi-implicit scheme (it was = Ϫ0.47 and = 0.07). C C 2,s 2, f
CONCLUSIONS
The Muskingum routing parameters of a river reach k and x can be directly calculated via regression analysis. With regression an arduous and subjective trial-and-error procedure is avoided. However, to obtain consistent and physically meaningful values, the algorithm should be appropriately applied.
Regression analysis is based on a finite-difference scheme that may be either a fully implicit or a semi-implicit scheme. Both schemes lead to the same time constant k, while the respective weighting factors differ by a quantity equal to ⌬t in / (2k). Although the parameters estimated by these two alternatives are not the same, both schemes lead to identical results when the time step applied for flood routing is the same as that used for the estimation of the parameters.
The semi-implicit scheme is generally preferable for river routing. Moreover, when applied for the estimation of Muskingum parameters, the semi-implicit scheme leads to the same values as those obtained from the graphical method.
On the other hand, the fully implicit scheme may be as accurate as the semi-implicit scheme. However, the fully implicit scheme may be more stable in cases when the time steps applied for river routing are smaller or sufficiently greater than those used for the estimation of the parameters. 
APPENDIX I.
Setting
